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1. Introduction and background
In this paper, we study the support bases P of solutions Γ of the functional equation (discussed
in [1]) arising from multiplication of quantum integers. We consider the case where the ﬁelds of
coeﬃcients of Γ are of characteristic zero. It can be seen from [1–4] that quantum integers serve
as an important source of generators for the solutions Γ above. From [4], it is known that there is
no sequence of polynomials, satisfying Functional Equation (2) with support base P containing all
primes, which cannot be generated by quantum integers. On the other hand, it is known from [6]
that there exist sequences of polynomials satisfying Functional Equation (2) with support base P of
ﬁnite and inﬁnite cardinality, which cannot be generated by quantum integers. The goal of this paper
is to continue the study, begun in [6], of the limitation of quantum integers as generators for solu-
tions of the functional equations above. In particular, we determine explicitly a set of criterions on P
that is necessary and suﬃcient for the existence of a sequence of polynomials, satisfying Functional
Equation (2) and having support base P , which cannot be generated by quantum integers.
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L. Nguyen / Journal of Number Theory 130 (2010) 1348–1373 1349First, let us give some basic background and main results from [1,2,4,5], which are relevant to this
paper, concerning quantum integers and the functional equation arising from multiplication of these
integers.
Deﬁnition 1.1. A quantum integer is a polynomial in q of the form
[n]q := qn−1 + · · · + q + 1= q
n − 1
q − 1 (1.1)
where n is any natural number.
From [1], multiplication operation for quantum integers, called quantum multiplication, is deﬁned
by the following rule:
[m]q  [n]q := [mn]q = [m]q · [n]qm = [n]q · [m]qn (1.2)
where  denotes quantum multiplication, multiplication operation for quantum integers, and · denotes
the usual multiplication of polynomials. It can be veriﬁed that Eq. (1.2) is just the q-series expansion
of the sumset
{0,1, . . . ,mn − 1} = {0,1, . . . ,m − 1} + {0,m, . . . , (n − 1)m}
= {0,1, . . . ,n − 1} + {0,m, . . . , (m − 1)n}.
Let Γ = { fn(q) | n = 1, . . . ,∞} be a sequence of polynomials in q, with coeﬃcients contained in
some ﬁeld of characteristic zero, satisfying the following functional equations:
fm(q) fn
(
qm
) (1)= fn(q) fm(qn) (2)= fmn(q) (1.3)
for all m,n ∈ N. As in [2,4] and others, we refer to the ﬁrst equality in the above functional equation
as Functional Equation (1) and the second equality as Functional Equation (2). A sequence of polyno-
mials which satisﬁes Functional Equation (2) automatically satisﬁes Functional Equation (1) but not
vice versa (see [4] for more details).
Let Γ = { fn(q)} be a sequence of polynomials satisfying Functional Equation (2). The set of integers
n in N where fn(q) = 0 is called the support of Γ and is denoted by supp{Γ }. If P is a set of rational
primes and AP consists of 1 and all natural numbers such that all their prime factors come from P ,
then AP is a multiplicative semigroup which is called a prime multiplicative semigroup associated
to P . From [1], the support of Γ is a multiplicative prime sub-semigroup of N.
Theorem 1.2. (See [1].) Let Γ = { fn(q)} be a sequence of polynomials satisfying Functional Equation (2).
Then supp{Γ } is of the form AP for some set of primes P , and Γ is completely determined by the collection of
polynomials:
{
f p(q)
∣∣ p ∈ P}.
Deﬁnition 1.3. Let P be the collection of primes associated to the support AP , in the sense of The-
orem 1.2, of a sequence of polynomials Γ satisfying Functional Equation (2). Then P is called the
support base of Γ .
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isfying Functional Equation (2) with supp{Γ } = AP . One such sequence can be deﬁned as the set of
polynomials:
fm(q) =
{ [m]q ifm ∈ AP ;
0 otherwise.
Note that the coeﬃcients of fm(q) are properly contained in Q.
We say that a sequence Γ is nonzero if supp{Γ } = ∅. If Γ satisﬁes Functional Equation (2), then
Γ is nonzero if and only if f1(q) = 1 (see [1]).
The degree of each polynomial fn(q) ∈ Γ is denoted by deg( fn(q)). From [1], it is known that there
exists a rational number tΓ such that:
deg
(
fn(q)
)= tΓ (n − 1)
for all n in supp{Γ }. This number tΓ is not necessarily an integer (see [4] for an example of such
a sequence). We show in [2] and [4] that tΓ can only be non-integral when the set of primes P
associated to the support of Γ has the form P = {p} for some prime p.
Let P be a set of primes. The next result provides a general way to construct a solution to Func-
tional Equation (2) with support AP associated to P :
Theorem 1.4. (See [1].) Let P be a set of primes. Let Γ ′ = { f ′p(q) | p ∈ P } be a collection of polynomials such
that:
f ′p1(q) · f ′p2
(
qp1
)= f ′p2(q) · f ′p1(qp2)
for all pi ∈ P (i.e., satisfying Functional Equation (1)). Then there exists a unique sequence Γ = { fn(q) | n ∈ N}
of polynomials satisfying Functional Equation (2) such that f p(q) = f ′p(q) for all primes p ∈ P .
Theorem 1.5. (See [4].) Let Γ = { fn(q) | n ∈ N} be a nonzero sequence of polynomials satisfying Functional
Equation (2) with support AP for some set of primes P . Then there exist a unique completely multiplicative
arithmetic function ψ(n), a rational number t, and a unique sequence Σ = {gn(q)} satisfying (2) with the
same support AP such that:
fn(q) = ψ(n)qt(n−1)gn(q)
where gn(q) is a monic polynomial with gn(0) = 0 for all n ∈ AP .
As a result, in the rest of this paper, unless otherwise stated, all sequences of polynomials which
we consider are normalized so that each polynomial is monic and has nonzero constant term.
For a sequence Γ of polynomials satisfying Functional Equation (2), the smallest ﬁeld K which
contains all the coeﬃcients of all the polynomials in Γ is called the Field of Coeﬃcients of Γ . We
are only concerned with sequences of polynomials whose ﬁelds of coeﬃcients K are of characteristic
zero. The case of positive characteristic ﬁelds of coeﬃcients will be reserved for our future papers.
Unless stated otherwise, we always view Γ as a sequence of polynomials with coeﬃcients in a ﬁxed
separable closure K of K which is embedded in C via a ﬁxed embedding ι : K ↪→ C. Thus every
element f (q) of Γ can be viewed as a polynomial in C[q]. We frequently view polynomials f (q)’s in
Γ as elements of the ring C[q] throughout this paper. Thus whenever that is necessary, it is implicitly
assumed.
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tion (2) and whose ﬁeld of coeﬃcients is of characteristic zero.
(1) Field of coeﬃcients is Q: Suppose that deg( f p(q)) = tΓ (p − 1) with tΓ  1 for at least two distinct
primes p and r, which means that the set P associated to the support AP of Γ contains p and r and the
elements f p(q) and fr(q) of Γ are nonconstant polynomials. Then there exist ordered pairs of integers {ui, ti}i
with i = 1, . . . , s such that tΓ =∑i=1,...,s uiti and
fn(q) =
s∏
i=1
([n]qui )ti
for all n in N.
(2) Field of coeﬃcients strictly contains Q: There is no sequence of polynomials Γ , with ﬁeld of coeﬃcients
strictly containing Q, satisfying Functional Equation (2) and the condition deg( f p(q)) = tΓ (p − 1) with in-
tegral tΓ  1 for all primes p. The latter condition means that the set P associated to the support AP of Γ
contains all prime numbers and the correspondent elements f p(q) of Γ are nonconstant polynomials.
The decomposition of fn(q) into a product of quantum integers as above is unique in the sense that if
{a j,b j} is another set of integers such that tΓ =∑ j=1,...,h a jb j and
fn(q) =
h∏
j=1
([n]qa j )b j
for all n ∈ supp{Γ }, then for each ui there exists at least one a j such that ui = a j . Moreover, if I ⊆ {1, . . . , s}
and J ⊆ {1, . . . ,h} are two collections of indexes such that ui = a j exactly for all i in I and j in J and nowhere
else, then
∑
i∈I
ti =
∑
j∈ J
b j,
and the above relation between any such set of integers {a j,b j} j and the set {ui, ti}i is an equivalent rela-
tion. However, if the condition deg( f p(q)) = tΓ (p − 1) with integral tΓ  1 for all primes p is not imposed
on Γ , then there exist sequences Γ ’s of polynomials with ﬁelds of coeﬃcients strictly greater than Q satisfying
Functional Equation (2).
Deﬁnition 1.7. Let Γ = { fn(q) | n ∈ N} be a sequence of polynomials satisfying Functional Equation (2).
Then Γ is said to be generated by quantum integers if there exist ordered pairs of integers {ui, ti}i
with i = 1, . . . , s such that tΓ =∑i=1,...,s uiti and
fn(q) =
s∏
i=1
([n]qui )ti
for all n in N.
Let Γ be a nontrivial sequence of polynomials, with coeﬃcients of characteristic zero, which satis-
ﬁes Functional Equation (2). Let us recall from [4] that if f s(q) is an element of Γ where s is a prime
in the support base P of Γ , then all the roots of f s(q) are roots of unity of order dividing s. Moreover,
there is a product decomposition
f s(q) =
∏
fus,i ,s(q)
i
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roots of unity of order us,i s for some positive integer us,i .
Let u be any positive integer and p be any prime number. The polynomial denoted by Pu,p(q)
or Pup(q) is the irreducible cyclotomic polynomial in Q[q] whose roots are all primitive up-roots of
unity. Pu,p(q) is sometimes denoted by Pup(q) or Pv(q) where v = up. For a primitive n-root of unity
α in C, which can be written in the form α = e 2π iwn for some primitive residue class w modulo n, we
always identify α, via the Chinese Remainder Theorem, with the tuples (ui)i where
∏
i(pi)
mi is the
prime factorization of n and ui ∈ (Z/pmii Z)∗ for each i such that
ui ≡ w
(
pmii
)
.
We also need to recall from [4] the following deﬁnitions since they are used frequently in the
subsequent part of our work.
Deﬁnition 1.8. 1) Let Pu,p(q) and Pu,r(q) be the cyclotomic polynomials with coeﬃcients in Q of or-
ders up and ur respectively. Let Fu,p(q) and Fu,r(q) be two polynomials dividing Pu,p(q) and Pu,r(q)
respectively. If Fu,p(q) and Fu,r(q) satisfy the condition that for each primitive residue class w mod-
ulo u, all the roots of Pu,p(q) represented by the collection of tuples {(γp, (wp j ) j) | γp = 1, . . . , p− 1}
if p does not divide u (resp. by the collection {(wp + t(pl), (wp j ) j,p j =p) | t = 0, . . . , p − 1} if pl‖u
for some positive integer l  1) are roots Fu,p(q) if and only if all the roots of Pu,r(q) repre-
sented by the collection {γr, (wp j ) j | γr = 1, . . . , r − 1} if r does not divide u (resp. by the collection
{wr + s(rh), (wp j ) j,p j =r | s = 0, . . . , r − 1} if rh‖u for some positive integer h  1) are roots Fu,r(q),
then we will say that Fu,p(q) and Fu,r(q) are compatible. For example, Pu,p(q) and Pu,r(q) are com-
patible for any positive integer u, primes p and r, a fact which is proven in [4] for the case where pr
does not divide u as well as when either p or r divides u.
2) Two polynomials fu,p(q) and fu,r(q) are said to be super-compatible if fu,p(q) =∏i(F (i)u,p(q))ni
and fu,r(q) =∏i(F (i)u,r(q))ni where F (i)u,p(q) and F (i)u,r(q) are polynomials which are compatible for all i.
In particular, Pu,p(q)n and Pu,r(q)n are super-compatible for any nonnegative integer n. Thus compat-
ibility is a special case of super-compatibility.
Remark 1.9. To understand the motivation for this deﬁnition, the readers can consult [4]. The polyno-
mials F (i)u,(q)’s in the deﬁnition of super-compatible might not be unique for any i, where  denotes
either p or r.
Let p and r be any distinct primes in the support of Γ . Deﬁne fup ,p(q) to be the factor of f p(q)
such that its roots consist of all the roots of f p(q) with multiplicities which are primitive pup-roots of
unity. Then f p(q) =∏up, j>up, j+1 fup, j ,p(q) in the ring C[q]. Similarly, fr(q) =∏ur,i>ur,i+1 fur,i ,r(q). We
call j (resp. i) or interchangeably up, j (resp. ur,i) the j-level (resp. i-level) or up, j-level (resp. ur,i-
level) of f p(q) (resp. fr(q)) if fup, j (q) (resp. fur,i (q)) is a nontrivial factor of f p(q) (resp. fr(q)). Deﬁne
V p,r := {vp,r,k | vp,r,k > vp,r,k+1} := {up, j} j ∪ {ur,i}i . We refer to k or vp,r,k as the k-bi-level with
respect to p and r or the vp,r,k-bi-level of f p(q) and fr(q). Note that level i of f p(q) or fr(q) is not
necessarily equal to the bi-level i of f p(q) and fr(q). Using V p,r and these product decompositions,
we write Functional Equation (1) with respect to f p(q) and fr(q) as:
f v p,r,1,p(q)
svp,1 f v p,r,1,r
(
qp
)svr,1 (1)←→ f v p,r,1,r(q)svr,1 f v p,r,1,p(qr)svp,1
. . . . . . . . .
f v p,r,k,p(q)
svp,k f v p,r,k,r
(
qp
)svr,k (k)←→ f v p,r,k,r(q)svr,k f v p,r,k,p(qr)svp,k
. . . . . . . . .
f p(q) fr
(
qp
) = fr(q) f p(qr)
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• sp,k = 1 if f vp,r,k,p(q) nontrivially divides f p(q) (i.e., f vp,r,k,p(q) = fui ,p(q) for some ui) and 0
otherwise.
• sr,k = 1 if f vp,r,k,r(q) nontrivially divides fr(q) (i.e., f vp,r,k,r(q) = fui ,r(q) for some ui) and 0 other-
wise.
• ∏k f vp,r,k,p(q)svp,k f vp,r,k (qp)svr,k = f p(q) fr(qp).
• ∏ j f v p,r,k,r(q)svr,k f vp,r,k (qr)svp, j = fr(q) f p(qr).
• The symbol ( j)←→ indicates Functional Equation (1) at the bi-level j (note that the polynomial
expressions on the left-hand side and the right-hand side of ←→ at each bi-level are not neces-
sarily equal).
Note that for every bi-level k where vp,r,k appears in the equation above, either sp,k = 1 or sr,k = 1.
The above version of Functional Equation (1) is called the Expanded Functional Equation (1) with
respect to p and r, denoted by EFE(1). The EFE(1) above is said to be in reduced form if at each
bi-level k where pr does not divide vp,r,k , the line
f v p,r,k,p(q)
svp,k f v p,r,k,r
(
qp
)svr,k (k)←→ f v p,r,k,r(q)svr,k f v p,r,k,p(qr)svp,k
in EFE(1) is replaced by
(i) f vp,r,k,r(q
p)
svr,k
(k)←→ f vp,r,k,r(q)svr,k
f vp,r,k ,p(q
r )
svp,k
f vp,r,k ,p(q)
svp,k
if (r, vp,r,k) = 1,
(ii) f vp,r,k,p(q)
svp,k
f vp,r,k ,r(q
p)
svr,k
f vp,r,k ,r(q)
svr,k
(k)←→ f vp,r,k,p(qr)svp,k if (p, vp,r,k) = 1, or
(iii)
f vp,r,k ,p(q
r )
svp,k
f vp,r,k ,p(q)
svp,k
(k)←→ f vp,r,k ,r (q
p)
svr,k
f vp,r,k ,r(q)
svr,k
if (pr, vp,r,k) = 1.
(iv) The line f p(q) fr(qp) = fr(q) f p(qr) is replaced by Q p,r(q) = Q p,r(q) where Q p,r(q) is the product
of all expressions of the left-hand column (or the right-hand column) after (i), (ii), (iii) have taken
place, i.e.,
Q p,r(q) = f p(q) fr(q
p)∏
i f v p,r,i ,r(q)
sr,i(1−δp,i) f v p,r,i ,p(q)sp,i(1−δr,i)
= fr(q) f p(q
r)∏
i f v p,r,i ,r(q)
sr,i(1−δp,i) f v p,r,i ,p(q)sp,i(1−δr,i)
.
Remark 1.10. (1) An EFE(1) with respect to p and r can be transformed into its reduced form by
dividing both polynomials f p(q) fr(qp) and fr(q) f p(qr) by
∏
i f v p,r,i ,r(q)
sr,i (1−δp,i) f vp,r,i ,p(q)sp,i(1−δr,i);
(2) The product of all the rational expressions in the left-hand column and the product of those in
the right-hand column of the reduced form of the EFE(1) are equal, and thus can be denoted by the
same polynomial Q p,r(q); (3) For each line (i), the product of all expressions on both sides of ←→
remains equal after (i), (ii) or (iii) have taken place. It is shown in [2] that all the rational expressions
above are actually polynomials when they occur, and that for each of these rational expressions, its
roots are primitive roots of unity of the same order.
If the factor(s) appearing in the left-hand column and the right-hand column of the reduced form
of EFE(1) with respect to p and r can be rearranged within their corresponding columns (without
changing the order of the levels, i.e., vp,r,i > vp,r,i+1 for all bi-levels i occurring in EFE(1)) so that
(i)←→ can be replaced by (i)= at each bi-level i  k, then we say that the resulting reduced form is
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(i)←→ can be replaced by (i)= at all bi-level i, then we say that it is in
super-reduced form.
Deﬁnition 1.11. Let  denote either p or r and  denote the other. The polynomial f vp,r,m,(q) = 1
is said to be directly related to the polynomial f vp,r,n,(q) = 1 for some n = m if f vp,r,m,(q) =
f vp,r,n,(q) and
f v p,r,m,(q)
f v p,r,l,(q)s,l
f v p,r,l,(q)s,l(1−δ,l)
= f v p,r,n,(q)
f v p,r,l,(q)s,l
f v p,r,l,(q)s,l(1−δ,l)
for all l > m,n such that vp,r,m = vp,r,l. The polynomial f vp,r,m,(q) = 1 is said to be semi-
directly related to f vp,r,n,(q) = 1 (or vice versa) if
f v p,r,m,(q)
f v p,r,n,(q)s,n
f vp,r,n,(q)s,n(1−δ,n)
= f v p,r,n,(q
)
f v p,r,n,(q)(1−δ,n )
.
Suppose either f vp,r,m,(q) or f vp,r,n,(q) is nontrivial such that vp,r,m= vp,r,n and
f v p,r,m,(q)
f v p,r,l,(q)s,l
f v p,r,l,(q)s,l(1−δ,l)
= f v p,r,n,(q)
f v p,r,l,(q)s,l
f v p,r,l,(q)s,l(1−δ,l)
for some bi-levels l > n,m. Then f vp,r,m,(q) is said to be indirectly related to the ordered pair of
polynomials ( f vp,r,n,(q), f vp,r,l,(q)) (or f vp,r,n,(q) is said to be indirectly related to the ordered
pair ( f vp,r,m,(q), f vp,r,l,(q))).
If two (or three in the case of indirect relation) polynomials satisfy one of the related relations
above, we refer to the levels, namely vp,r,m and vp,r,n (and vp,r,l if applicable), of the polynomials
involved as the related levels or as being related. Similarly, we also refer to these polynomials or the
lines of EFE(1) containing the polynomials involved in such relations as being related polynomials or
related lines respectively.
2. Main results
Let P be a set of distinct primes. We want to establish the necessary and suﬃcient criterions
on P for determining whether or not there exists a sequence of polynomials satisfying Functional
Equation (2) with ﬁeld of coeﬃcients of characteristic zero and support base P .
If |P | = 1, then the necessary and suﬃcient criterions for the existence of a sequence of polyno-
mials satisfying Functional Equation (2) having P as its support base are completely understood (see
[4] and [2] for more details). Therefore, we may assume from this point that P contains at least two
primes.
From part (1) of Theorem 1.6, if the ﬁeld of coeﬃcients of a sequence of polynomials satisfying
Functional Equation (2) is of characteristic zero, then this sequence is not generated by quantum
integers if and only if this ﬁeld strictly contains Q. Therefore, studying sequences of polynomials
satisfying Functional Equation (2) which cannot be generated by quantum integers is equivalent to
studying sequences of polynomials satisfying Functional Equation (2) with ﬁeld of coeﬃcients strictly
containing Q.
We know from part (2) of Theorem 1.6 that there is no sequence Γ of polynomials satisfying
Functional Equation (2) with support base P consisting of all primes and ﬁeld of coeﬃcients strictly
containing Q. Therefore, there is no sequence Γ of polynomials satisfying Functional Equation (2)
with support base P consisting of all primes, which cannot be generated by quantum integers. On
the other hand, the following facts are known about the existence of a sequence of polynomials Γ
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where P does not contain all primes.
(a) In the case where the ﬁeld of coeﬃcients is Q, there exists at least one sequence of polynomials
satisfying Functional Equation (2) having P as its support base, namely
Γ := { fn(q) = [n]q ∣∣ n ∈ AP}.
This sequence is in fact the unique sequence of monic polynomials satisfying Functional Equation (2)
with support base P such that deg{ fn(q)} = n − 1, or equivalently tΓ = 1, if P ⊇ {2, p} for some
odd prime p. Together with Theorem 1.6 part (1), it is necessary and suﬃcient that |P |  2 for the
existence of a sequence of polynomials satisfying Functional Equation (2) with ﬁeld of coeﬃcients
equal to Q.
(b) If the ﬁelds of coeﬃcients strictly contains Q, then Theorem 2.1 of [6] establishes a set of crite-
rions on P which is suﬃcient for the existence of a sequence Γ of polynomials satisfying Functional
Equation (2) with support base P .
The main goal of this paper is to prove that the criterions in case (b) above are also the necessary
conditions for the existence of such sequences. Our main results can be summarized as follows:
Theorem 2.1. Let P be any set of primes. Then there exists a sequence Γ = { fn(q) | n ∈ supp{Γ }} of polyno-
mials satisfying Functional Equation (2) with ﬁeld of coeﬃcients strictly containing Q and support base P if
and only if at least one of the following conditions is met:
(1) |P | n for some natural number n.
(2) 4 divides p − 1 for all odd primes p in P .
(3) There exists an odd prime r such that r divides p − 1 for all odd primes p in P or there exists a proper
nonempty subset A of (Z/WZ)∗ , for some natural number W , with pA = A for all odd primes p in P .
(4) There exists a collection of ﬁnitely many odd primes P = {ri} of P such that at least one prime ri in P
divides p − 1 for all odd primes p in P − P or there exists a proper nonempty subset A of (Z/WZ)∗ ,
for some natural number W , with pA = A for all odd primes p in P − P .
Corollary 2.2. Let P be the support base of a sequence Γ of polynomials satisfying Functional Equation (2)
with ﬁeld of coeﬃcients of characteristic zero. If P contains all but ﬁnitely many primes, then Γ is generated
by quantum integers.
3. Proofs of main results
Proof of Theorem 2.1. (I) Let P be a set of primes. Suppose that at least one of the conditions in
Theorem 2.1 holds. Let us construct a sequence Γ of polynomials, satisfying Functional Equation (2),
with ﬁeld of coeﬃcients strictly containing Q and with P as its support base. From Theorem 2.1
of [6], it suﬃces for us to construct such a sequence if at least one of the following conditions holds:
• 2< |P | < ∞.
• Condition (4) holds with |P| > 1.
(i) Suppose 2< |P | < ∞. For this construction, our method is an inductive method which uses the
construction in the proof of (1) of Theorem 2.1 of [6] as the starting point and as building blocks.
Let p and r be two primes in P such that p is the smallest prime in P and r is the smallest prime
in P − {p}. Suppose that there exists a sequence Γ of polynomials satisfying Functional Equation (2)
with support base P such that
∏
w∈P w divides the value vp,r,1 of the bi-level 1 of EFE(1) with
respect to p and r and that
( ∏
w,
vp,r,1∏
w∈P w
)
= 1.w∈P
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Proposition 3.1 (Key Proposition 1). The reduced form of EFE(1) with respect to p and r has the form
fvp,r,1,p(q) f v p,r,1,r
(
qp
) (1)←→ f v p,r,1,r(q) f v p,r,1,p(qr)
. . . . . . . . .
f v p,r,d1 ,p(q)
sp,d1 δr,d1
f v p,r,d1 ,r(q
p)
sr,d1
f v p,r,d1 ,r(q)
sr,d1 (1−δp,d1 )
(d1)←→ f v p,r,d1 ,r(q)
sr,d1 δp,d1
f v p,r,d1 ,p(q
r)
sp,d1
f v p,r,d1 ,p(q)
sp,d1 (1−δr,d1 )
. . . . . . . . .
f vp,r,1
p ,p
(q)sp,k1
f vp,r,1
p ,r
(qp)
f vp,r,1
p ,r
(q)
(k1)←→ f vp,r,1
p ,p
(
qr
)sp,k1
. . . . . . . . .
f v p,r,d2 ,p(q)
sp,dr δr,d2
f v p,r,d2 ,r(q
p)
sr,d2
f v p,r,d2 ,r(q)
sr,d2 (1−δp,d2 )
(d2)←→ f v p,r,d2 ,r(q)
sr,d2 δp,d2
f v p,r,d2 ,p(q
r)
sp,d2
f v p,r,d2 ,p(q)
sp,d2 (1−δr,d2 )
. . . . . . . . .
f vp,r,1p
r ,r
(
qp
)sr,k2 (k2)←→ f vp,r,1p
r ,r
(q)sr,k2
f vp,r,1p
r ,p
(qr)sp,k2
f vp,r,1p
r ,p
(q)sp,k2
. . . . . . . . .
f v p,r,d3 ,p(q)
sp,d3 δr,d3
f v p,r,d3 ,r(q
p)
sr,d3
f v p,r,d3 ,r(q)
sr,d3 (1−δp,d3 )
(d3)←→ f v p,r,d3 ,r(q)
sr,d3 δp,d3
f v p,r,d3 ,p(q
r)
sp,d3
f v p,r,d3 ,p(q)
sp,d3 (1−δr,d3 )
. . . . . . . . .
f vp,r,1
r ,r
(
qp
)sr,k3 (k3)←→ f vp,r,1
r ,r
(q)sr,k3
f vp,r,1
r ,p
(qr)sp,k3
f vp,r,1
r ,p
(q)sp,k3
. . . . . . . . .
f v p,r,d4 ,p(q)
sp,d4 δr,d4
f v p,r,d4 ,r(q
p)
sr,d4
f v p,r,d4 ,r(q)
sr,d4 (1−δp,d4 )
(d4)←→ f v p,r,d4 ,r(q)
sr,d4 δp,d4
f v p,r,d4 ,p(q
r)
sp,d4
f v p,r,d4 ,p(q)
sp,d4 (1−δr,d4 )
. . . . . . . . .
f vp,r,1
rp ,r
(qp)sr,k4
f vp,r,1
rp ,r
(q)sr,k4
(k4)←→
f vp,r,1
rp ,p
(qr)sp,k4
f vp,r,1
rp ,p
(q)sp,k4
. . . . . . . . .
f v p,r,d5 ,p(q)
sp,d5 δr,d5
f v p,r,d5 ,r(q
p)
sr,d5
f v p,r,d5 ,r(q)
sr,d5 (1−δp,d5 )
(d5)←→ f v p,r,d5 ,r(q)
sr,d5 δp,d5
f v p,r,d5 ,p(q
r)
sp,d5
f v p,r,d5 ,p(q)
sp,d5 (1−δr,d5 )
. . . . . . . . .
Q p,r(q) = Q p,r(q)
where:
• d1 (resp. k1) is any bi-level of EFE(1) with respect to p and r such that v p,r,1 > vp,r,di > vp,r,1p (resp.
v p,r,k1 = vp,r,1p ).
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v p,r,k2 = vp,r,1pr ).
• d3 (resp. k3) is any bi-level of EFE(1) with respect to p and r such that vp,r,1pr > vp,r,d3 > vp,r,1r (resp.
v p,r,k3 = vp,r,1r ).
• d4 (resp. k4) is any bi-level of EFE(1) with respect to p and r such that vp,r,1r > vp,r,d3 > vp,r,1pr (resp.
v p,r,k4 = vp,r,1pr ).
• d5 is any bi-level of EFE(1) with respect to p and r such that vp,r,1pr > vp,r,d5 .
• All the rational expressions above are polynomials.
Proof. Even though we have vp,r,1 =∏w∈P w with |P | > 2 in this proposition instead of |P | = 2 as
in Key Proposition 1 of [6], the proof is exactly the same (see the proof of Key Proposition 1 of [6]
for details). It can be veriﬁed that this proposition also holds if p and r are replaced by s and t
respectively for any pair of primes s < t in P . 
From Proposition 3.1, we can construct a sequence of polynomials Γ satisfying Functional Equa-
tion (2) having support base P .
Step 1: We construct f (r)p (q) and f
(p)
r (q) satisfying Functional Equation (1) using the crucial lines
of the reduced form of EFE(1) with respect to p and r stated in Proposition 3.1 (see [6] for deﬁnition
of crucial lines and for the justiﬁcation of this construction)
f v p,r,1,p(q) f v p,r,1,r
(
qp
) (1)←→ f v p,r,1,r(q) f v p,r,1,p(qr)
. . . . . . . . .
f vp,r,1
p ,p
(q)sp,k1
f vp,r,1
p ,r
(qp)
f vp,r,1
p ,r
(q)
(k1)←→ f vp,r,1
p ,p
(
qr
)sp,k1
. . . . . . . . .
f vp,r,1p
r ,r
(
qp
)sr,k2 (k2)←→ f vp,r,1p
r ,r
(q)sr,k2
f vp,r,1p
r ,p
(qr)sp,k2
f vp,r,1p
r ,p
(q)sp,k2
. . . . . . . . .
f vp,r,1
r ,r
(
qp
)sr,k3 (k3)←→ f vp,r,1
r ,r
(q)sr,k3
f vp,r,1
r ,p
(qr)sp,k3
f vp,r,1
r ,p
(q)sp,k3
. . . . . . . . .
f vp,r,1
rp ,r
(qp)sr,k4
f vp,r,1
rp ,r
(q)sr,k4
(k4)←→
f vp,r,1
rp ,p
(qr)sp,k4
f vp,r,1
rp ,p
(q)sp,k4
. . . . . . . . .
as follows:
Let pl be an odd prime in P . For each p j ∈ P , let Ap j be a nonempty set such that Ap j = (Z/p jZ)∗
if p j ∈ P − {pl} and Ap j < (Z/p jZ)∗ if p j = pl . Thus
A∏
p j∈P p j
:=
∏
p j∈P
Ap j <
∏
p j∈P
(Z/p jZ)
∗ ∼=
(
Z/
∏
p j∈P
p jZ
)∗
.
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f (r)p (q) =
∏
i∈K
f vp,r,i ,p(q)
sp,i
and
f (p)r (q) =
∏
i∈K
f vp,r,i ,r(q)
sr,i
where:
(0) sp j ,k0 = 1 and fu,p j (q) is the monic polynomial with nonzero constant term whose roots are
primitive up j-roots of unity represented, via the Chinese Remainder Theorem (see the proof of Key
Proposition 1′ of [4] for more details), by collection of tuples:
A(p j) :=
{(
wp j + t(p j), (wpi )i
) ∣∣ 0 t  p j − 1, pi ∈ P − {p j}, wpi ∈ Api , wp j ∈ Ap j}
for each p j ∈ P .
Remark 3.2. As in [2] and [4], we use the phrase the collection of roots of a certain polynomial is rep-
resented by a collection of tuples to indicate that there is a one-to-one correspondence between the
collection of roots of that polynomial and the elements of such a collection of tuples, via Chinese
Remainder Theorem.
(1p) sp,k1 = 1 and
f v p,r,k1 ,p(q) = f vp,r,k0
p ,p
(q)
is the monic polynomial who roots are primitive vp,r,k0 -roots of unity represented by the collection
of tuples
{(
wp, (wpi )i
) ∣∣ pi ∈ P − {p}, wpi ∈ Bpi = A∗pi , wp ∈ Bp = A∗p
}
,
where A∗pi = (Z/piZ)∗ = Api for each pi ∈ P − {pl} and A∗pl = (Z/plZ)∗ − Apl .
(1r ) sr,k1 = 1 and
f v p,r,k1 ,r(q) = P vp,r,k0
p ,r
(q)
where P vp,r,k0
p ,r
(q) is the cyclotomic polynomial with coeﬃcients in Q and order
vp,r,k0
p r.
(2) sp,k2 = sr,k2 = 0, i.e.,
f v p,r,k2 ,r(q) = f vp,r,k0 p
r ,r
(q) = 1= f vp,r,k0 p
r ,p
(q) = f v p,r,k2 ,p(q).
(3p) sp,k3 = 1 and
f v p,r,k3 ,p(q) = f vp,r,k0
r ,p
(q) = P vp,r,k0
r ,p
(q)
where P vp,r,k0 ,p
(q) is the cyclotomic polynomial with coeﬃcients in Q and order
vp,r,k0
r p.r
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f v p,r,k3 ,r(q) = f vp,r,k0
r ,r
(q)
is the monic polynomial whose roots are primitive vp,r,k0 -roots of unity represented by the collection
of tuples
{(
wr, (wpi )i
) ∣∣ pi ∈ P − {r}, wpi ∈ Bpi = A∗pi , wr ∈ Br = A∗r
}
,
where A∗pi = (Z/piZ)∗ = Api for each pi ∈ P − {pl} and A∗pl = (Z/plZ)∗ − Apl .
(4) sp,k4 = sr,k4 = 0, i.e.,
f v p,r,k4 ,p(q) = f vp,r,k0
pr ,p
(q) = 1= f vp,r,k0
pr ,r
(q) = f v p,r,k4 ,r(q).
Proposition 3.3 (Key Proposition 2). f (r)p (q) and f
(p)
r (q) satisfy Functional Equation (1).
Proof. See the proof of Theorem 2.1 of [6]. 
By indexing P , we write P = {p1, . . . , p|P |}. For each natural number n in {2, . . . , |P |}, let Pn be
the set {P (1), . . . , P ((|P |n ))}, the collection of all distinct subsets of P with cardinality n. For each P (i) ,
deﬁne
∣∣P (i)∣∣ := ∏
p j∈P (i)
p j.
Step 2: We generalize Step 1 to the case where |P | > 2. Let s be any prime in P . Deﬁne
f s(q) := fu,s(q)
∏
P (i)∈P1
f u
|P (i)| ,s
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,s
(q),
where:
• fu,s(q) is the monic polynomial whose roots are primitive us-roots of unity represented by the
collection of tuples
A(s) := {(ws, (wp j ) j) ∣∣ pi ∈ P − {s}, wp j ∈ Ap j , ws ∈ As}.
• f u
|P (i) | ,s
(q) is the monic polynomial whose roots are primitive u|P (i)| s-roots of unity represented by
the collection of tuples
{(
ws, (wp j ) j
) ∣∣ p j ∈ P − {s}, wp j ∈ Bp j , ws ∈ Bs},
where Bp j = A∗p j for each p j ∈ P − {s} and Bs = A∗s , if i = 1 and s ∈ P (i) .
• f u
|P (i) | ,s
(q) = P u
|P (i) | ,s
(q), where P u
|P (i) | ,s
(q) is the cyclotomic polynomial of order u|P (i)| s with coeﬃ-
cients in Q, if i = 1 and s is not in P (i) .
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|P (i) | ,s
(q) = P u
|P (i) | ,s
(q) if i > 1 and s ∈ P (i) .
• f u
|P (i) | ,s
(q) = (P u
|P (i) | ,s
(q))2 if i > 1 and s is not in P (i) .
Proposition 3.4 (Key Proposition 3). LetΣP := { f s(q) | s ∈ P } where fs(q) is the polynomial deﬁned in Step 2
for each prime s in P . Then ΓP satisﬁes Functional Equation (1).
Proof. Our method for proving this proposition is to use Key Proposition 2. Let p and r be any two
primes in P and let f p(q) and fr(q) be the polynomials in ΣP corresponding to p and r. Then
f p(q) = fu,p(q)
∏
P (i)∈P1
f u
|P (i) | ,p
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i)| ,p
(q)
= fu,p(q) f u
p ,p
(q) f u
r ,p
(q)
∏
P (i)∈P1, P (i) ={p}, P (i) ={r}
f u
|P (i) | ,p
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,p
(q)
and
fr(q) = fu,r(q)
∏
P (i)∈P1
f u
|P (i) | ,r
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,r
(q)
= fu,r(q) f u
r ,r
(q) f u
p ,r
(q)
∏
P (i)∈P1, P (i) ={r}, P (i) ={p}
f u
|P (i)| ,r
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,r
(q).
By Key Proposition 2, fu,p(q) f u
p ,p
(q) f u
r ,p
(q) and fu,r(q) f u
r ,r
(q) f u
p ,r
(q) satisfy Functional Equation (1).
Therefore, it suﬃces for us to prove that
f p(q)
fu,p(q) f u
p ,p
(q) f u
r ,p
(q)
=
∏
P (i)∈P1, P (i) ={p}, P (i) ={r}
f u
|P (i)| ,p
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,p
(q)
and
fr(q)
fu,r(q) f u
p ,r
(q) f u
p ,r
(q)
=
∏
P (i)∈P1, P (i) ={r}, P (i) ={p}
f u
|P (i)| ,r
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,r
(q)
satisfy Functional Equation (1).
Lemma 3.5. There exists a set of natural numbers U such that
∏
P (i)∈P1, P (i) ={p}, P (i) ={r}
f u
|P (i)| ,p
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,p
(q) =
∏
ui∈U
(
fui ,p(q) f ui
p ,p
(q) f ui
r ,p
(q)
)
,
∏
P (i)∈P1, P (i) ={r}, P (i) ={p}
f u
|P (i) | ,r
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i)| ,r
(q) =
∏
ui∈U
(
fui ,r(q) f ui
p ,r
(q) f ui
r ,r
(q)
)
,
where gcd(pr,ui) = pr for each ui ∈ U .
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f u
|P (l) | ,p
(q) = f u
s ,p
(q)
and
f u
|P (l) | ,r
(q) = f u
s ,r
(q)
for some prime s. Then it can be veriﬁed that there exists a unique element P ( jl,p) in P2 such that
P ( jl,p) = {s, p} and a unique element P ( jl,p) in P2 such that P ( jl,r) = {s, r}. Then
f u
|P ( jl,p ) |
,p(q) = f usp ,p(q) = f us
p ,p
(q),
f u
|P ( jl,r ) |
,p(q) = f usr ,p(q) = f us
r ,p
(q),
f u
|P ( jl,p ) |
,r(q) = f usp ,r(q) = f us
p ,r
(q),
f u
|P ( jl,r ) |
,r(q) = f usr ,r(q) = f us
r ,r
(q).
Let ul := us . It can be veriﬁed by direct computation using the deﬁnition in Step 2 that
ful,p(q) f ul
p ,p
(q) f ul
r ,p
(q)
and
ful,r(q) f ul
p ,r
(q) f ul
r ,r
(q)
satisfy Functional Equation (1). Therefore,
∏
P (l)∈P1, P (l) ={p}, P (l) ={r}
f u
|P (l) | ,p
(q)
∏
P (il,p )∈P2
f u
|P (il,p ) |
,p(q)
∏
P (il,r )∈P2
f u
|P (il,r ) |
,p(q)
and
∏
P (l)∈P1, P (l) ={p}, P (l) ={r}
f u
|P (l) | ,p
(q)
∏
P (il,p )∈P2
f u
|P (il,p ) |
,r(q)
∏
P (il,r )∈P2
f u
|P (il,r ) |
,r(q)
satisfy Functional Equation (1) as well.
To prove the lemma, it suﬃces now to prove that
∏
P (i)∈P2, P (i) =P (il,p ), P (i) =P (il,r )
f u
|P (i) | ,p
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,p
(q)
and
∏
P (i)∈P , P (i) =P (il,p ), P (i) =P (il,r )
f u
|P (i)| ,r
(q) · · ·
∏
P (i)∈Pn−1
f u
|P (i) | ,r
(q)2
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ul := u|P (i)| .
Then the same argument as above can be applied. By repeating this argument, the result follows. 
Therefore f p(q) and fr(q) satisfy Functional Equation (1) and Key Proposition 3 follows. 
Therefore ΣP induces a unique sequence of polynomials Γ satisfying Functional Equation (2)
which contains ΣP as a subsequence by Theorem 1.4. It is straightforward to verify that Γ has all
the required properties.
(ii) Suppose that condition (4) of Theorem 2.1 holds with |P| > 1. Let us construct a sequence of
polynomials Γ satisfying Functional Equation (2) with ﬁeld of coeﬃcients strictly containing Q and
with P as its support base.
Deﬁne:
u :=
∏
s∈P
s.
Let us apply the construction of part (i) above to each prime s in P with u = ∏s∈P s replacing
u =∏s∈P s and P replacing P . Therefore, we obtain a sequence of polynomials
Σ1 :=
{
f s(q)
∣∣ s ∈ P}
satisfying Functional Equation (1) by Key Proposition 3.
Let us ﬁx a prime z in P and let f z(q) be the corresponding polynomial in Σ1. It can be veriﬁed
from its construction that f z(q) has the following product decomposition:
f z(q) =
∏
i
fuz,i ,z(q)
where fuw,i ,w(q) is the factor of fw(q) whose roots are all the roots of f z(q) which are primitive uz,i z-
roots of unity for some positive integer uz,i . It can also be veriﬁed from the construction of f z(q) that
fuz,i ,z(q) divides Puz,i ,z(q) or (Puz,i ,z(q))
2 for each i, where Puz,i ,z(q) is the cyclotomic polynomial of
order uz,i z and has coeﬃcients in Q.
For each prime p in P − P , deﬁne:
f p(q) := fuz,1,p(q)
∏
i>1
fuz,i ,p(q)
where:
• fuz,1,p(q) is the monic polynomial whose roots are represented by the collection of tuples of
integers
{(
wp, (wpi )i
) ∣∣ pi ∈ P, wpi ∈ Api , wp ∈ (Z/pZ)∗}.
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fuz,i ,p(q) =
{
Puz,i ,p(q) if z does not divide uz,i,
(Puz,i ,p(q))
2 otherwise,
where Puz,i ,p(q) is the cyclotomic polynomial of order uz,i p and with coeﬃcients contained in Q.
It follows immediately from the construction above that the coeﬃcients of f p(q) are not properly
contained in Q for each prime p ∈ P − P .
Let
Σ2 :=
{
f s(q)
∣∣ s ∈ P − P}.
Proposition 3.6 (Key Proposition 4). Let
Σ = Σ1 ∪ Σ2.
Then Σ satisﬁes Functional Equation (1).
Proof. Let f p(q) be a polynomial Σ1. Let fr(q) and ft(q) be polynomials in Σ2. From Key Proposi-
tion 2, it suﬃces for us to prove:
(i) fr(q) and ft(q) satisfy Functional Equation (1).
(ii) f p(q) and fr(q) satisfy Functional Equation (1).
(i) Let u =∏s∈P s and let z be the ﬁxed prime in P chosen above. Then u = uz,1. Since fr(q) and
ft(q) are polynomials in Σ2, r and t are two primes in P − P . Hence
ft(q) = fuz,1,t(q)
∏
i>1
fuz,i ,t(q)
and
fr(q) = fuz,1,r(q)
∏
i>1
fuz,i ,r(q)
by deﬁnition. Since condition (4) holds, it can be veriﬁed that either r ≡ t ≡ 1 (mod pl), where pl
is the only prime in P with Apl a nonempty proper subset of (Z/plZ)∗ , or there exists a nonempty
proper subset A of (Z/uZ)∗ such that rA = tA = A. Therefore, fu,r(qt )fu,r(q) and
fu,t (qr )
fu,t (q)
are polynomials by
Key Proposition 1′ of [4] since rt is relatively prime to u by construction. Moreover, it can be veriﬁed
from the construction above that
fu,r(qt)
fu,r(q)
= fu,t(q
r)
fu,t(q)
is a polynomial. Thus
fu,t(q) fu,r
(
qt
)= fu,r(q) fu,p(qr).
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fuz,i ,r(q
p)
fuz,i ,r(q)
= fuz,i ,p(q
r)
fuz,i ,p(q)
,
or equivalently,
fuz,i ,p(q) fuz,i ,r
(
qp
)= fuz,i ,r(q) fuz,i ,p(qr)
for each i > 1 since
fuz,i ,(q) =
{
Puz,i ,(q) if z divide uz,i,
(Puz,i ,(q))2 otherwise,
where  denotes either p or r. Putting together these equations, we obtain the EFE(1) with respect
to p and r. Hence f p(q) and fr(q) satisfy Functional Equation (1).
(ii) Let z be the ﬁxed prime above. By (i), f z(q) and f p(q) satisfy Functional Equation (1). Thus we
may consider EFE(1) with respect to p and z
f vp,z,1,p(q)
svp,1 f v p,z,1,z
(
qp
)svz,1 (1)←→ f v p,z,1,z(q)svz,1 f v p,z,1,p(qz)svp,1
. . . . . . . . .
f v p,z,i ,p(q)
svp,i f v p,z,i ,z
(
qp
)svz,i (i)←→ f v p,z,i ,z(q)svz,i f v p,z,i ,p(qz)svp,i
. . . . . . . . .
f p(q) f z
(
qp
) = f z(q) f p(qz).
It can be veriﬁed from our construction that s,i = 1 for all bi-levels i, where  denotes either p or z.
Hence vp,z,i = uz,i , and thus
f v p,z,i ,z(q) = fuz,i ,z(q)
for each i, where i represents a bi-level of EFE(1) with respect to p and z on the left-hand side while
i represents a level of f z(q) on the right-hand side. For each line
f v p,z,i ,p(q) f v p,z,i ,z
(
qp
) (i)←→ f v p,z,i ,z(q) f v p,z,i ,p(qz)
of EFE(1) with respect to p and z, we replace it by the line
f v p,r,i ,p(q) f v p,r,i ,r
(
qp
) (i)←→ f v p,r,i ,r(q) f v p,r,i ,p(qr)
where f vp,r,i ,r(q) = fuz,i ,r(q). We also replace line
f p(q) f z
(
qp
)= f z(q) f p(qz)
of EFE(1) with respect to p and z by the line
f p(q) fr
(
qp
)= fr(q) f p(qr).
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and fr(q) satisfy Functional Equation (1). 
Now suppose P contains 2. Then
u = 2
∏
s∈P
s =
∏
s∈P ′:=P∪{2}
s.
Note that
∏
s∈P s divides p−1 for each odd prime p in P −P if and only if 2
∏
s∈P s divides p−1 for
each odd prime p in P − P . It can be veriﬁed that the same construction as above with P ′ replacing
P also works.
(II) Let us prove the only if direction. Let P be a set of primes. Suppose that
Γ := { fn(q) ∣∣ n ∈ N}
is a sequence of polynomials satisfying Functional Equation (2) with support base P and ﬁeld of
coeﬃcients strictly containing Q. Let us assume the following:
• |P | = ∞.
• 4 does not divide s − 1 for all odd prime s in P .
• There is no odd prime r such that r divides s−1 for all odd primes s in P and there is no proper
nonempty subset A of (Z/WZ)∗ , for any natural number W , with sA = A for all odd primes s
in P .
To prove (II) of Theorem 2.1, we need to show that there exists a collection of odd primes P = {ri}
of P such that either at least one ri in P divides p − 1 for all odd primes p in P − P or there exists
a nonempty proper subset A of (Z/WZ)∗ , for some natural number W , with pA = A for all odd
primes p in P − P .
Since the ﬁeld of coeﬃcients of Γ strictly contains Q, it can be veriﬁed using the same method
as in the proof of Key Proposition 3 of [4] that the coeﬃcients of each polynomial f s(q) in Γ are not
properly contained in Q if s is in P . In particular, if s is a prime in P and
f s(q) =
∏
i
fus,i ,s(q)
is its product decomposition as in the introduction, then there exists a level i of f s(q) such that the
coeﬃcients of fus,i ,s(q) are not properly contained in Q. Let is be the smallest such level for each
prime s in P .
Let p1 and p2 be two primes in P . Let f p1 (q) and f p2 (q) be the corresponding polynomials in Γ
with product decompositions
f p1(q) =
∏
i
fup1,i ,p1(q)
and
f p1(q) =
∏
j
fup2, j ,p2(q).
Let
V p1,p2 := {vp1,p2,l | vp1,p2,l > vp1,p2,l+1} = {up1,i}i ∪ {up2, j} j
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V :=
⋃
pn,pm∈P
V pn,pm .
Let U be the collection of all prime factors of all elements of V . By Key Proposition 3 of [4],
|U | < ∞.
Therefore, there exist inﬁnitely many primes in P which are not in U . Let p be a prime in P such that
p is greater than all primes in U and let r be any prime in P . Let us consider EFE(1) with respect to
p and r,
f v p,r,1,p(q)
svp,1 f v p,r,1,r
(
qp
)svr,1 (1)←→ f v p,r,1,r(q)svr,1 f v p,r,1,p(qr)svp,1
. . . . . . . . .
f v p,r,k,p(q)
svp,k f v p,r,k,r
(
qp
)svr,k (k)←→ f v p,r,k,r(q)svr,k f v p,r,k,p(qr)svp,k
. . . . . . . . .
f p(q) fr
(
qp
) = fr(q) f p(qr).
By Key Proposition 3 of [4], there exists a bi-level kp,r of EFE(1) with respect to p and r such that
vp,r,kp,r = up,ip = ur,ir where vp,r,kp,r and u,i are the values of the bi-level kp,r and the level i
respectively, where  denotes either p or r. Hence sp,kp,r = sr,kp,r = 1. Since p is not in U , p does not
divide vp,r,kp,r and thus δp,kp,r = 0. As a result, line (kp,r) of the reduced form of EFE(1) with respect
to p and r has the form
f v p,r,kp,r ,p(q)
δr,kp,r
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
(kp,r)←→ f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
(1−δr,kp,r )
where δr,kp,r = 1 if r divides vp,r,kp,r and δr,kp,r = 0 otherwise. By part (i) of Key Proposition 1′ of [4],
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
is a polynomial. Let vp,r,kp,r =
∏
i r
ni
i be the prime factorization of vp,r,kp,r . Since the coeﬃcients of
f vp,r,kp,r ,r(q) = fur,ir (q) are not properly contained in Q by deﬁnition of ir , Key Propositions 1 and 1′
of [4] imply that either p ≡ 1 (mod vp,r,kp,r ) and thus every prime factor ri of vp,r,kp,r divides p − 1
or there exists a nonempty proper subset A of (Z/vp,r,kp,rZ)∗ such that pA = A.
Remark 3.7. Key Proposition 1 of [2] (a version of Key Proposition 3 of [4] which does not require
that p is not in U ) guarantees that there exists a natural number L such that L = vs,t,ks,t = us,is = ut,it
for all primes s and t in P . Hence ss,ks,t = st,ks,t = 1 for all primes s and t in P as well. Consequently,
the argument for p above applies to every prime t in P , which does not divide L.
Proposition 3.8 (Key Proposition 5). Let p and r be two primes in P with p < r. Suppose (pr, L) = 1. Then
line (kp,r) of the (kp,r − 1)-super-reduced form of EFE(1) with respect to p and r has the form
fvp,r,lp ,p(q)
tp,lp
f v p,r,kp,r ,r(q
p)
f v ,r(q)
(kp,r)←→ f v p,r,lr ,r(q)tr,lr
f v p,r,kp,r ,p(q
r)
f v ,p(q)
,p,r,kp,r p,r,kp,r
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• tp,lp = 1 if lp is a bi-level of EFE(1) with respect to p and r such that v p,r,lp = vp,r,kp,r r.• tr,lr = 1 if lr is a bi-level of EFE(1) with respect to p and r such that v p,r,lr = vp,r,kp,r p.
Proof. Since (pr, L) = 1, δp,kp,r = δr,kp,r = 0. In addition, we also know that sp,kp,r = sr,kp,r = 1 by Key
Proposition 1′ of [4]. Thus line (kp,r) of the reduced form of EFE(1) with respect to p and r has the
form
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
(kp,r)←→ f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
.
It can be veriﬁed that there are three possibilities:
• f vp,r,kp,r ,r(q) is semi-directly related to f vp,r,lp ,p(q) for some bi-level lp < kp,r . If this occurs, then
it can be veriﬁed that vp,r,kp,r r = vp,r,lp and line (kp,r) of the kp,r-super-reduced form of EFE(1)
with respect to p and r has the form
f v p,r,lp ,p(q)
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
(kp,r)←→ f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
.
• f vp,r,kp,r ,p(q) is semi-directly related to f vp,r,lr ,r(q) for some bi-level lr < kp,r . If this case occurs,
then it can be veriﬁed that vp,r,kp,r p = vp,r,lr and line (kp,r) of the kp,r-super-reduced form of
EFE(1) with respect to p and r has the form
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
(kp,r)←→ f v p,r,lr ,r(q)
f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
.
• There exist bi-levels lp < kp,r and lr < kp,r such that f vp,r,lp ,p(q) is indirectly related to an ordered
pair of polynomials
(
f v p,r,lr ,r(q), f v p,r,kp,r ,p(q)
)
.
If this case occurs, then it can be veriﬁed that vp,r,kp,r r = vp,r,lp , vp,r,kp,r p = vp,r,lr and line (kp,r)
of the kp,r-super-reduced form of EFE(1) with respect to p and r has the form
f v p,r,lp ,p(q)
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
(kp,r)←→ f v p,r,lr ,r(q)
f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
.
Therefore, the result follows. 
Let p and r be two primes in P not dividing L. It can be veriﬁed from line (kp,r) of the (kp,r − 1)-
super-reduced form of EFE(1) with respect to p and r as described in Key Proposition 1 that
f v p,r,lp ,p(q)
tp,lp
f v p,r,kp,r ,r(q
p)
f v ,r(q)
= f v p,r,lr ,r(q)tr,lr
f v p,r,kp,r ,p(q
r)
f v ,p(q)p,r,kp,r p,r,kp,r
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tp,lp
f vp,r,kp,r ,r(q
p)
f vp,r,kp,r ,r (q)
(resp. f vp,r,lr ,r(q)
tr,lr
f v p,r,kp,r ,p(q
r )
f vp,r,kp,r ,p(q)
) is the factor of f p(q) fr(qp) (resp.
fr(q) f p(qr)) whose roots are all the roots of f p(q) fr(qp) (resp. fr(q) f p(qr)) which are primitive Lpr-
roots of unity.
By [4] and the deﬁnition of kp,r , there exists an integer nvp,r,i , such that
f v p,r,i ,(q) =
(
Pvp,r,i ,(q)
)nvp,r,i ,
for each bi-level i < kp,r , where Pvp,r,i ,(q) is the cyclotomic polynomial of order vp,r,i with coeﬃ-
cients in Q, and  denotes either p or r. In addition, it can be veriﬁed that
Pvp,r,i ,(q) =
⎧⎪⎪⎨
⎪⎪⎩
P vp,r,i
 ,
(q) if  divides vp,r,i ,
P vp,r,i
 ,
(q)
P vp,r,i
 ,
(q) otherwise,
where  denotes r if  = p and vice versa and P vp,r,i
 ,(q) is the cyclotomic polynomials of order
vp,r,i
  with coeﬃcients in Q (see [4] for more details). Therefore,
f v p,r,lp ,p(q)
tp,lp = (Pvp,r,lp ,p(q)tp,lp )nvp,r,lp ,p
where
(
Pvp,r,lp ,p(q)
tp,lp
)nvp,r,lp ,p =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(P vp,r,lp
r ,r
(qp)tp,lp )
nvp,r,lp ,p if p divides
vp,r,lp
r ,
(P vp,r,lp
r ,r
(qp)
tp,lp )
nvp,r,lp ,p
(P vp,r,lp
r ,r
(q)
tp,lp )
nvp,r,lp ,p
otherwise
and
f v p,r,lr ,r(q)
tr,lr = (Pvp,r,lr ,r(q)tr,lr )nvp,r,lr ,r
where
(
Pvp,r,lr ,r(q)
tr,lr
)nvp,r,lr ,r =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(P vp,r,lr
p ,p
(qr)tr,lr )
nvp,r,lr ,r if r divides
vp,r,lr
p ,
(P vp,r,lr
p ,p
(qr)tr,lr )
nvp,r,lr ,r
(P vp,r,lr
p ,p
(q)tr,lr )
nvp,r,lr ,r
otherwise.
Since pr is relatively prime to vp,r,kp,r = L by assumption and
vp,r,kp,r =
vp,r,lp
r
= vp,r,lr
p
,
we have
f v p,r,lp ,p(q)
tp,lp =
(P vp,r,lp
r ,r
(qp)tp,lp )
nvp,r,lp ,p
(P vp,r,lp
,r
(q)tp,lp )
nvp,r,lp ,p
= (Pvp,r,kp,r ,r(q
p)
tp,lp )
nvp,r,lp ,p
(Pvp,r,kp,r ,r(q)
tp,lp )
nvp,r,lp ,pr
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f v p,r,lr ,r(q)
tr,lr =
(P vp,r,lr
p ,p
(qr)tr,lr )
nvp,r,lr ,r
(P vp,r,lr
p ,p
(q)tr,lr )
nvp,r,lr ,r
= (Pvp,r,kp,r ,p(q
r)tr,lr )
nvp,r,lr ,r
(Pvp,r,kp,r ,p(q)
tr,lr )
nvp,r,lr ,r
.
Therefore,
(Pvp,r,kp,r ,r(q
p)
tp,lp )
nvp,r,lp ,p
(Pvp,r,kp,r ,r(q)
tp,lp )
nvp,r,lp ,p
f v p,r,kp,r ,r(q
p)
f v p,r,kp,r ,r(q)
= (Pvp,r,kp,r ,p(q
r)tr,lr )
nvp,r,lr ,r
(Pvp,r,kp,r ,p(q)
tr,lr )
nvp,r,lr ,r
f v p,r,kp,r ,p(q
r)
f v p,r,kp,r ,p(q)
.
Proposition 3.9 (Key Proposition 6).
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q)
and
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q)
are super-compatible.
Proof. This follows from the same argument as in the proof of part (3) of Key Proposition 1′ of [4]
(the details are left to the readers) with
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q)
and
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q)
replacing f vp,r,1,r(q) and f vp,r,1,p(q) respectively. 
Let P0 be the collection of all prime factors of vp,r,kp,r = L. There are two cases to consider:
(1) P0 ∩ P = ∅.
(2) P0 ∩ P = ∅.
Suppose (1) occurs. Then t does not divide L for all primes t in P . By using the same argument
immediately above Remark 3.7 applied to p, with t replacing p, and Remark 3.7, either t ≡ 1 (mod L)
and thus every prime factor ri of L divides t−1 for all primes t in P or there exists nonempty proper
subset A of (Z/LZ)∗ such that tA = A for all primes t in P and thus for all odd primes t in P .
Remark 3.10. Note that we also have either t ≡ 1 (mod L) and thus every prime factor ri of L divides
t − 1 for each odd prime t in P − (P0 ∩ P ) or there exists a nonempty proper subset A of (Z/LZ)∗
such that tA = A for each odd prime t in P − (P0 ∩ P ) by the same argument above.
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L =
∏
i
2rnii
be the prime factorization of L where  is a nonnegative integer. Then the super-compatibility of
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q)
and
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q)
implies that L > 1 by the same argument as in Key Proposition 5 of [4], with (P vp,r,kp,r ,r(q)
tp,lp)
nvp,r,lp ,p×
f vp,r,kp,r ,r(q) and (Pvp,r,kp,r ,p(q)
tr,lr )
nvp,r,lr ,r f v p,r,kp,r ,p(q) replacing f vp,r,1,p(q) and f vp,r,1,r(q). If ni > 0 for
at least one i in the factorization of L, then it can be veriﬁed from Key Propositions 1 and 1′ of [4]
that either there exists at least one such odd prime, say rl with nl > 0, such that rl divides t − 1 for
all odd primes t in P or there exists a nonempty proper subset A of (Z/LZ)∗ such that tA = A for
each prime t and thus for each odd prime t in P , which contradicts our assumption. Thus ni = 0 for
all i. If  > 1, then Key Propositions 1 and 1′ of [4] imply that either 4 divides t−1 for all odd primes
t in P or there exists a nonempty proper subset A of (Z/4Z)∗ with tA = A for all primes t and thus
for all odd primes t in P . This also contradicts our assumption. Hence   1.
The only possibility therefore is L = 2. There are two cases to consider when L = 2: (i) kp,r = 1;
(ii) kp,r > 1.
If (i) occurs, then f vp,r,kp,r ,p(q) and f vp,r,kp,r ,r(q) are super-compatible by Key Proposition 1
′ of [4].
As a result, by using the same argument as in the conclusion of the proof of Theorem 2.1 of [4], it
can be veriﬁed that this is impossible since the coeﬃcients of f vp,r,kp,r ,p(q) and f vp,r,kp,r ,r(q) are not
properly contained in Q.
Let us suppose that (ii) occurs. Pick two primes p and r not in U such that p < r. Then it follows
from the deﬁnition of U that (pr, L) = 1. Then
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q)
and
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q)
are super-compatible by Key Proposition 6. Since the coeﬃcients of f vp,r,kp,r ,r(q) and f vp,r,kp,r ,p(q) are
not properly contained in Q, the coeﬃcients of
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q)
and
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q)
are not properly contained in Q either.
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roots of
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q) = (P2,p(q)tr,lr )nvp,r,lr ,r f2,p(q)
and
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q) = (P2,r(q)tp,lp )nvp,r,lp ,p f2,r(q)
are represented by the collection of tuples
⋃
α∈L2
{α} × (Z/pZ)∗
and
⋃
α∈L2
{α} × (Z/rZ)∗
respectively.
Since (Z/2Z)∗ = {1},
L2 =
(
(Z/2Z)∗
)T ′
for some integer T ′  T . It can be veriﬁed that the monic polynomial whose roots are primitive 2p-
roots of unity and the monic polynomial whose roots are primitive 2r-roots of unity represented by
the collection of tuples
⋃
α∈(Z/2Z)∗
{α} × (Z/pZ)∗
and
⋃
α∈(Z/2Z)∗
{α} × (Z/rZ)∗
respectively are the cyclotomic polynomial, with coeﬃcients in Q of order 2p, P2p(q) and the cyclo-
tomic polynomial, with coeﬃcients in Q of order 2r, P2r(q). As a result,
(
Pvp,r,kp,r ,p(q)
tr,lr
)nvp,r,lr ,r f v p,r,kp,r ,p(q) = P2p(q)T ′
and
(
Pvp,r,kp,r ,r(q)
tp,lp
)nvp,r,lp ,p f v p,r,kp,r ,r(q) = P2r(q)T ′ .
Hence their coeﬃcients are properly contained in Q. This is a contradiction and thus case (ii) cannot
occur either. Therefore,
P0 ∩ P = ∅.
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follows that either at least one of these prime divisors of L, say ri , divides s − 1 for all odd primes
s in P − (P0 ∩ P ) or there exists a nonempty proper subset A of (Z/LZ)∗ such that sA = A for all
primes s in P − (P0 ∩ P ) and thus for all odd primes s in P − (P0 ∩ P ) by Remark 3.10.
If P0 ∩ P = {2}, then either there exists at least one odd prime ri in P0 such that ri divides s − 1
for each odd prime s in P or there exists a nonempty proper subset A of (Z/LZ)∗ with sA = A for
each odd prime s in P which contradicts our assumption made earlier. Therefore, P0 ∩ P contains at
least one odd prime.
Deﬁne
P :=
{P0 ∩ P if P does not contain 2,
P0 ∩ (P − {2}) otherwise.
Then P is a nonempty set of odd primes such that either at least one prime ri in P divides s− 1 for
each odd prime s in P − P or there exists a nonempty proper subset A of (Z/LZ)∗ such that sA = A
for each odd prime s in P − P by Remark 3.10. The proof of Theorem 2.1 is thus complete. 
Proof of Corollary 2.2. Let Γ be a sequence of polynomials satisfying Functional Equation (2) with
support base P and ﬁeld of coeﬃcients of characteristic zero. Suppose that P has ﬁnite complement,
i.e. all but a ﬁnite number of primes are in P . Suppose that Γ is not generated by quantum integers.
Then the ﬁeld of coeﬃcients of Γ strictly contains Q by Theorem 2.1 of [4]. Therefore, P must satisfy
at least one of the criterions of Theorem 2.1, namely criterions (2), (3), and (4) since |P | = ∞.
If P satisﬁes criterion (2) of Theorem 2.1, let deﬁne
Σ1 := {4k + 1 | k ∈ N}
and
Σ3 := {4k + 3 | k ∈ N}.
Then
Σ1 ∩ Σ2 = ∅.
Moreover, each of the sequences Σ1 and Σ2 contains inﬁnitely many primes by Dirichlet’s Theorem
concerning primes in Arithmetic Progression. Since P contains all but ﬁnitely many primes,
|P ∩ Σi| = ∞
for i = 1,2. In particular, there exists a prime, say w , such that w ∈ P ∩Σ2. This contradicts criterion
(2) of Theorem 2.1.
If P satisﬁes criterion (3) of Theorem 2.1 and if r divides p − 1 for all primes p in P , then deﬁne
Υ1 := {rk + 1 | k ∈ N}
and
Υ2 := {rk + r − 1 | k ∈ N},
where r is the odd prime mention in the statement of criterion (3). By applying the same argument as
in the case where P satisﬁes criterion (2) of Theorem 2.1, the result follows. If r does not necessarily
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for some natural number W , such that pA = A for all odd primes p in P , then it can be veriﬁed
from [4] that pA = A for all primes p which is impossible by [4].
Finally, suppose P satisﬁes criterion (4) for some sub-collection of odd primes P of P . Let us
deﬁne the following collections of natural numbers
Λ1 := {r1 . . . rnk + 1 | k ∈ N, ri ∈ P}
and
Λ2 := {r1 . . . rnk + r1 . . . rn − 1 | k ∈ N, ri ∈ P}
if at least one ri divides p − 1 for all odd primes p in P − P . Then the same argument as in the
two previous cases also holds. If no ri divides p − 1 for all odd primes p in P − P while there exists
a nonempty proper subset A of (Z/WZ)∗ , for some natural number W , such that pA = A for all
odd primes p in P − P , then [4] implies that pA = A for all primes p which is impossible by [4].
Therefore, Γ must be generated by quantum integers. 
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